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Abstract 

In this paper, we consider doubly warped product (DWP) Finsler man- 
ifolds with some non-Riemannian curvature properties. First, we study 
Berwald and isotropic mean Berwald DWP-Finsler manifolds. Then we 
prove that every proper Douglas DWP-Finsler manifold is Riemannian. 
We show that a proper DWP-manifold is Landsbergian if and only it is 
Berwaldian. In continue, we prove that every relatively isotropic Lands- 
berg DWP-manifold is a Landsberg manifold. We show that a relatively 
isotropic mean Landsberg warped product manifold is a weakly Lands- 
berg manifold. Finally, we show that there is no any locally dually flat 
proper DWP-Finsler manifold. 

Keywords: Doubly warped product manifold, non-Riemannian curva- 
tures Q 

1 Introduction 

The study of relativity theory demands a wider class of manifold and the idea 
of doubly warped products was introduced and studied by many authors. The 
recently studies show that the notion of doubly warped product manifolds has an 
important role in Riemannian geometry and its application |9j ^lOj |r2] [H] [S] 
[22] . For example, Beem-Powell study this product for Lorentzian manifolds 
[TU] . Then in [T], Allison considered global hyperbolicity of doubly warped 
product and null pseudo convexity of Lorentizian doubly warped product. 

On the other hand, Finsler geometry consists of classical and generahzed 
Finsler geometries. It is a subject studying manifolds whose tangent spaces carry 
a norm varying smoothly with the base point. Indeed, Finsler geometry is just 
Riemannian geometry without the quadratic restriction. Thus it is natural to 
extending the construction of warped product manifolds for Finsler geometry. In 
the first step, Asanov gave the generalization of the Schwarzschild metric in the 
Finslerian setting and obtain some models of relativity theory described through 
the warped product of Finsler metrics [4] [5] . In [M] , Kozma- Peter- Varga define 
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their warped product for Finsler metrics and conclude that completeness of 
doubly warped product can be related to completeness of its components. 

Let (Mi,fi) and (M2,F2) be two Finsler manifolds and /i : Mi ^ M+ 
and /2 : M2 are two smooth functions. Let tti : Mi x M2 — > Mi and 

772 : Ml X M2 — > M2 be the natural projection maps. The product manifold 
Ml X M2 endowed with the metric F : TM^ x TM^ -> M is considered, 

F{vi,V2) - ^Jfi{n2iv2))Fi{vl) + fl{^i{vi))Fi{v2\ (1) 

where TMi° = TMi - {0} and TM2° = rM2 - {0}. The metric defined above is a 
Finsler metric. The product manifold Ali x M2 with the metric F{v) — F{vi,V2) 
for {vi,V2) G TM° X TM2 defined above wiU be called the doubly warped 
product of the manifolds Mi and M2 and /i and /2 will be called the warping 
functions. We denote this doubly warped by /a Mi x M2. If either /i = 1 or 
/2 = 1, then /aA^i x M2 becomes a warped product of Finsler manifolds Mi 
and M2. If /i = /2 = 1, then we have a product manifold. If neither /i nor /2 
is constant, then we have a proper DWP-manifold. 

Let (M, F) be a Finsler manifold. The second and third order derivatives 
of ^F^ at y & TxMq are the symmetric trilinear forms g^^ and Cy on T^M, 
which called the fundamental tensor and Cartan torsion, respectively. The rate 
of change of along geodesies is the Landsberg curvature Ly on T^M [7][S]. 
F is said to be relatively isotropic Landsberg metric if it satisfies L + cFC = 0, 
where c = c(x) is a scalar function on M. Set ly := X]r=i ^vi^i^ ') ^^'^ ■^v '■— 
Sr=i '^yi.^ii ')j where {ci} is an orthonormal basis for {TxM, gy). Ij, and 3y 
is called the mean Cartan torsion and mean Landsberg curvature, respectively. 
F is said to be relatively isotropic mean Landsberg metric if J + cFl — 0, where 
c = c{x) is a scalar function on M [TT] . 

The geodesic curves of a Finsler metric F on a smooth manifold M, are 
determined by the system of second order differential equations c* + 2G^{c) = 0, 
where the local functions G" = G^{x,y) are called the spray coefficients. F is 
called a Berwald metric, if G* are quadratic in ?/ G T^M for any x € M, and 
called a Douglas metric if = \^)k{^)y'' y'^ + P{x^ y)y^ [S][II]- Taking a trace 
of Berwald curvature yields mean Berwald curvature E. Then F is said to be 
isotropic mean Berwald metric if E = ^^^cF~^h, where h = hijdx"^ ®dx^ is the 
angular metric and c = c{x) is a scalar function on M |18| . 

This paper is arranged as follows: In section 2, we give some basic concepts of 
Finsler manifolds. In sections 3 and 4, we study doubly warped product Finsler 
metrics or briefly DWP-Finsler metrics with vanishing Berwald curvature and 
isotropic mean Berwald curvature, respectively. In section 5, we prove that every 
proper Douglas DWP-Finsler manifold is Riemannian. In section 6, we show 
that a proper DWP-Finsler manifold is a Landsberg manifold if and only if it 
is a Berwald manifold. Then we prove that every relatively isotropic Landsberg 
DWP-Finsler manifold is a Landsberg manifold. In section 7, we prove that 
a relatively isotropic mean Landsberg warped product manifold is a weakly 
Landsberg manifold. Finally in section 8, we show that there is no any locally 
dually flat proper DWP-Finsler manifold. 
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2 Preliminaries 



Let M be an n-dimensional C°° manifold. Denote by TxM the tangent space 
at X e M, by TM = \J^^mTxM the tangent bundle of M, and by TMq = 
TM \ {0} the slit tangent bundle on M . A Finsler metric on M is a function 
F : TM — ^ [0, oo) which has the following properties: 

(i) F is C°° on TMo; 

(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM; 

(iii) for each y e T^M, the following quadratic form gj^ on T^M is positive 
definite, 

1 9^ 

gy{u,v) := -^-^ [F^{y + su + tv)] |,,t=o, u,v e T^M. 

Let a; £ M and F^ := ^It^m- To measure the non-Euclidean feature of Fx, 
define Cy : T^M (g> T^M (g) T^M ^ K by 

Cy{u,v,w) [gj,+to(u, u)] It^o, u,v,w & T^M. 

The family C :— {Cy}yeTMo is called the Cartan torsion. It is well known that 
C = if and only if F is Riemannian. For y £ TxMq, define mean Cartan torsion 
ly by Iy{u) := Ii{y)u\ where U := g^'^Ctjk, Cyfc = i|p- and u = By 
Deicke's Theorem, F is Riemannian if and only if Ij, = [S] [12] . 

Given a Finsler manifold {M, F) , then a global vector field G is induced 
by F on TMq, which in a standard coordinate (a;*,y*) for TMq is given by 
G = 2/^^~2G'(x,y)^, where 

G is called the spray associated to {M,F). In local coordinates, a curve c{t) is 
a geodesic if and only if its coordinates (c*(t)) satisfy c* + 2G^{c) — 0. 

For a tangent vector ?; £ TxMq, define By : TxM (g) TxM (g) TxM TxM and 
: TxM g) TxM ^ R by Bj,(u,w,H := j^i{y)uH^w^ ^\x and Ej,(w,w) := 



Ejk{y)u^v'' where 



•" dyody^dyi ' 2 ' 



B and E are called the Berwald curvature and mean Berwald curvature, re- 
spectively. Then F is called a Berwald metric and weakly Berwald metric if 
B = and E = 0, respectively [HJIH]. It is proved that on a Berwald space, 
the parallel translation along any geodesic preserves the Minkowski functionals 
[13]. Thus Berwald spaces can be viewed as Finsler spaces modeled on a single 
Minkowski space. 
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A Finsler metric F is said to be isotropic mean Berwald metric if its mean 
Berwald curvature is in the following form 

E,,^^{n + l)cF-'h,„ (2) 

where /ly = — F^'^yii/j is the angular metric and c = c{x) is a scalar function 
on M [n]. 

DefineDj, : T,M(g)T,M(E)T,M ^ T^M hyT>y{u,v,w) := D'^,^i{y)u'v^w''£,\ 
where 

We call D := {'Dy}y^TMo the Douglas curvature. A Finsler metric with D = 
is called a Douglas metric. The notion of Douglas metrics was proposed by 
Bdcsd-Matsumoto as a generalization of Berwald metrics [B] . 

There is another extension of Berwald curvature. For a tangent vector y G 
T^Mo, define 'Ly : T^M (g> T^M (g) T^M ^ M by Lj,(u,w, w) := Ujkiy)u'v3w^ , 
where ^ 

The family L := {'Ly}y^TMo is called the Landsberg curvature. A Finsler metric 
is called a Landsberg metric if L = 0. The quantity L/C is regarded as the 
relative rate of change of C along geodesies. A Finsler metric F is said to be 
relatively isotropic Landsberg metric if it satisfies 

L = cFC, 

where c ~ c{x) is a scalar function on M . 

Taking a trace of Landsberg curvature yields mean Landsberg curvature 
Jy : TxM M, which defined by 3y{u) := Ji{y)u^, where 

T ni'' T , 

• — y -^ijk • 

A Finsler metric is called a weakly Landsberg metric if J = 0. The quantity J/I 
is regarded as the relative rate of change of I along geodesies. A Finsler metric 
F is said to be relatively isotropic mean Landsberg metric if 

J = cFl, 

for some scalar function c = c{x) on M 11 . It is obvious that, every relatively 
isotropic Landsberg metric is a relatively isotropic mean Landsberg metric. 

A Finsler metric F = y) on a manifold AI is said to be locally dually 
flat if at any point there is a standard coordinate system (x', y*) in TM satisfies 

{F'),.y.y' ^2{F^),^. (3) 

In this case, the coordinate (a;*) is called an adapted local coordinate system 
[2] [3]. It is easy to see that, every locally Minkowskian metric satisfies dS]), hence 
is locally dually fiat [3D]. But the converse is not true, generally. 
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3 Berwaldian DWP-Finsler Manifolds 



In this section, we study DWP-Finsler manifolds with vanishing Berwald cur- 
vature. 

Lemma 1. Every proper DWP-Finsler manifold {f^Mi x f-^M2,F) with van- 
ishing Berwald curvature is a Riemannian manifold. 

Proof. The Berwald curvature of a DWP-Finsler manifold (/2 Afi x f^M2,F) are 
given as follows: 



T3fc ^ ofe ± d^g'''^ dff 2 (4\ 



1 d^g^^l^ dfl dFi 



4/1 dy'dt dx'^ dvP ' ^ ' 

_ 1 dfl dg^^ 



„fc 1 dfl 



1 9^g°^ 9/1 9fi^ 
4/2 Sw/^St;^ 9?/» ' ^ ' 

(10) 

B^. = (11) 

If (/aAfi X f^M2,F) is Berwaldian, then we have BJ^f,^ = 0. By (O, we get 

^"^A5^-'a^=0- (12) 
Multiplying (fT2|) with gkr implies that 

C„,A^ = 0. (13) 

By p^ . if /i is not constant then we get Ca/sx — 0, i.e., (M2, i^2) is Riemannian. 
In the similar way, from ([TT|) we conclude that if /2 is non constant then (Mi , Fi ) 
is Riemannian. □ 

Theorem 1. Let (/aA^i x f^M2,F) be a DWP-Finsler manifold. 

(i) If fi is constant and f2 is not constant. Then {f.^Mi x /1M2, F) is a Berwald 

manifold if and only if Mi is Riemannian, M2 is a Berwald manifold and 

dg"^ dfl _ Q 
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(ii) If f2 *s constant and fi is not constant. Then {fr^Mi x /1M2, F) is a Berwald 
manifold if and only if M2 is Riemannian, Mi is Berwaldian and 

Proof. Let (/a-ZV/i x f^M2,F) be a Berwaldian manifold and /i is constant on 
Ml. Then from (ITT|) we get Cijk = 0, i.e., {Mi,Fi) is Riemannian. Also, (fTOj) 
gives us 

^M = o 

Differentiating this equation with respect to , implies that 



dv^dvf^ du°' 



= 0, 



and consequently 



= 0. 



Then ([8]) reduces to = 0, i.e., {M2, F2) is Berwaldian. In the similar way, 

we can prove the converse of this assertion. The proof of (ii) is similar to that 
of (i) and we omit it here. □ 



By using the similar argument used in Theorem [l] we have the following. 

Corollary 1. Let (Mi x f^Ah, F) be a proper WP-Finsler manifold. Then {Mi x 
f-^Al2,F) is Berwaldian if and only if M2 is Riemannian, Mi is Berwaldian and 

c'i^'O. (") 

where C*^ — —2^^ is the Cartan tensor. 

4 Isotropic Mean Berwald DWP-Manifolds 

In this section, we study DWP-Finsler metrics with isotropic mean Berwald 
curvature. First, we compute the mean Berwald curvature of a DWP-Finsler 
manifold. 

Lemma 2. Let {j^Mi x y^M2,F) he a DWP-Finsler manifold. Then the mean 
Berwald curvature of F are given as follows 



1 ^V" ^/2p2 1 dg^^ dfl 



- ^fldtdyWy^ dx^^^ 4ff'' dv^ du"' ^^^^ 

1 d^g"' dfl _j_d^dfl 
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where Eij and E^p are mean Berwald curvatures of {Mi,Fi) and (^2,^2), 
respectively. 



Theorem 2. Let (/2M1 x f^A'h, F) be a proper DWP-Finsler manifold. Then F 
is a weakly Berwald metric if and only if Fi and F2 are weakly Berwald metric, 
and the following holds 

dg^dfl ^ dg^^dfl ^ 

Proof. Let (/2M1 X M2,F) be a weakly Berwald manifold. Then we have 
Eo,/3 = = E,/3 = 0. Using we get 

Contracting ([T9l) with gives us 

1 dg^'^ dfl _ 1 9291^7 a/.2 



/I dy'' 9a;'' fl dv^dvi du 
Differentiating (|20p with respect implies that 



1 55''^'' a/[ _ i_ d^g--' dfl 2 



fl dy^ dx''"'^^ ff dv^'dv'^dv-y du" 
In the similar way, one can obtain 

1 55^" a/I 1 a^g'^'' a/2 



/i^ aw'' au"^ " fi dy'dyWy'' dx 
Substituting (1^ into (ITSI) and plugging ([^ into p^ . we have 



J^2- (22) 



_ 3 a^g-^ a/I 2 .2„. 



_^j_^y^dfl 

%fldtdyWyf^dxh^- ^ ' 

Since E^p is a function with respect then by differentiating (1^51) with 

respect j/'' we deduce that 



a^g'^'' df. 



and consequently 



Vh = 0, 



^^^^^ ^^2^0. (25) 



dv'^dvl^dv^ du"" 
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Putting into gives us Eajj — 0. The similar argument implies that 
Eij = 0. Further, from ([25]) and (|2T]) we derive that 



Also, contracting (pS)) with implies that 



dg^dfl 

dv'' du" 



= 0. 



Thus we have (fTS]) . 

Conversely, let (A/i, i^i) and (A/2, F2) are weakly Berwald manifolds and the 
relation (|18p be hold. Then we have E'ij = Eap — 0. Equation (|18l) gives us 

g2^fc/i 9/2 d^g'''' dfl 



dyidy^ dx'^ dy^dy^dy^ dx^ 

^ d^g"^ dfi 

t'2 



dv^dvl^dvi du" 



By setting Eij = Eap — and the above equation in p^ . (|16l) and (IT71) . we can 
obtain Eq,^ = E.y = E.;^ = 0. This means that {f^Mi x M2,F) is a weakly 
Berwald manifold. □ 

Now, if /2 is a constant function on A/2, then (l?T|) implies that = 0. 
Thus we have the following. 

Corollary 2. Let {f^Mi x A/2,F) fee a DWP-Finsler manifold and fi fee 
constant on A/i (resp, /2 fee constant on M2). Then (/2A/1 x M2,F) is weakly 
Berwald if and only if {Mi, Fi) and (A/2, i^2) ore weakly Berwald manifolds and 
the following holds 

dg^dfl_r, , dg^dfl_ 

dv'' du- ' dy*^ dxh 

Corollary 3. Let (A/i x M2,F) be a WP-Finsler manifold. Then (A/i x 
A/2, F) is weakly Berwald if and only if {Mi, Fi) and (A/2, F2) are weakly Berwald 
manifolds and the following holds 

dg^dfl^^ 
dy^ dx'^ 



Now, we consider DWP-Finsler manifolds with isotropic mean Berwald cur- 
vature. First, as a consequence of Lemma [21 we have the following. 
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Lemma 3. Every DWP-Finsler manifold {f^Mi x f-^ M2,F) has isotropic mean 
Berwald curvature if and only if the following hold 

1 ay^ a/l a i Og''^ ofi 

~ 8ff dv^dv'^dv'' du-^ ~ 4/f dyf' dx^ 

- !l±lcf^F-\g^p~^v^Vf,) = 0, (26) 

1 d^g'^'^ dfl 2 1 9g"^ a/I 



/2 



n+1 j.2r.-l/ /; 



2 c/|i^-i(g,,-||y.y,) = 0, (27) 
where c — c{x) is a scalar function on M. 

Theorem 3. Every DWP-Finsler manifold [f^Mi x M2,F) with isotropic 
mean Berwald curvature is a weakly Berwald manifold, provided that the follow- 
ing hold 

^^^0 or ^^=0. 

Qyk Qrj.h Qy-y Qyy 

Proof. Suppose that — and F is isotropic mean Berwald DWP-Finsler 

metric. Then by using ([28]), we obtain 

( a-u IM 1 g^g"^ dfi 

Differentiating the above equation with respect y^ gives us 

(n + 1) 2 ri r^ 

-yr^cflftvpy, = 0. 
Thus, we conclude that c = 0. This implies that F is weakly Berwald metric. □ 



5 Douglas DWP-Finsler Manifolds 

In this section, we study DWP-Finsler manifolds with vanishing Douglas curva- 
ture. We prove that every Douglas proper DWP-Finsler manifold is Riemannian. 
To prove this, we need the following. 
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Lemma 4. Let {j^ Mi x j\ M2, F) be a DWP-Finsler manifold. Then the Douglas 

curvature of F are given as follows 



k 



'iji- iji 4f^ dy'dyWy^ dx'' ^ n + 1 1 ' Sfi dy'dy^dy" Oxf"^^^^ 
_ 1 c)g"-^a/| , , 1 ay df! , , 
4 /2 du" ' ^ ^ 8 /I dyidy^dy^ dx^ ^ 

_ 1 , p 1 g^9^" dfi , , 

4ff'' dv^ du^ ^ ' 8/1 ay^a^y'^y* ^o;'' ^ ^ 

_ 1 dg^dfl ^ _ J_dg^dg^dfl . 
Aff^^ dv^ du°' ' 4/2 dv-^ du°'^ 

1 A" a/f.y,<Si/l 



' d,f^ dy'-dy^dyidy^ dx^ '^^ dy'' 



1 9^^*='' a/f SFl 2 f 1 d^g"^ dfl 



^ — TTo n , n ; n u n a T 



_(J_d^g^dflk 
l\4f^ dv'dv' dxh ^'"^ 



4/1 (9y'ay* So;'' dv^ n + 1 1 4/| Sy^ay* Qx'' 

1 ay^ a/I , , J_ sV^Ma, 

""",1^2 Q../?Q..^ Q-.^v"; y« "t" 4j-2 QySQyl Qx'^ 

J__[fig^dfl 
4/1 dy^dy^dy^ 5a;'* ^ ^'^ 



4/f 




1 


d'g"-^ dfi 


4/f 


dv^dv'y du°' 


1 


a^y"^ a/I 



+772^7TH3;;^rfla , (30) 



' 2 /I ax'' n + 1 1 4 /I ay- ax'* 
1 d^g-"- dfi , , _ 1 a^g^- a/I , 

8fi dv^dv^dv-y du" ^ ' Afl dv^dv'^'dv-y du"^^ 

1 aV'^ a/f 

"4/|^"''ay'ay-aar''^ J' ^ ^ 



J_dg^dg^dfl 
Afi dv^ ay« dxf" 



}, (32) 
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^1 



1 

1 



Eafi^X + 772 



4/1 

1 

1 



as'" dfl 



+ 



1 gap dg 



Qyk 




Qgkh 








Qgkh 


df? 



Qyk Qj.h 



■51 



52 



1 



2 dvl^dv°'dvf' du" 
QSgt.^ Qj^ 



' F?Sl 



8f? dv^dv^dyf" du" 
1 d^gf'" dfi 



'■F?6J 



F?5l 



if? dv^dv^dvf^ du-" 
1 a^gp. Qf2 

if? dv^dv^dv'^dvt' du'' 



df? 



Tf - 



Af^dv-r dy>' dx^"' 
1 d^g°''^ 



(33) 



dfl dF? 



4/2 dvPdv^ du^ dy' n + 



l{4f- 



Q2gkh Qj-2 



1 a^g"'^ ^^^Sly, 



1 



4/1 dyi'dy^ dx^^ 
Q2gkh Qj2 



' if? dyt^dyt" du°' ^ 
1 d^g'''' df? 



Af^dy^dy^ dx^^'f^''^ 



Slvf} 

1 3^5"^ 



4/1 dy^dy'' dx^ 



■gi3\v ' 



l2 

1 9^5"'' 
4f?dv^dv^dvf^du 



if? dv^dyf^ du 



df2,y 



df? 



2 -I \ 



(34) 



D 



ijX 



g^]■ 



1 

V? 
1 

1 



9g"^ a/I 2 
dv'^ du" n + 

dgZ^gi 

)2 ^afj. 



-A 



1 



j_^y^dfi 

^ Sf^dy'dyidy^ dx^ 

Q3gkh Qf2Qp2 



dy'^dy^dy'^ dx'^ dv^ 



d^g^dfl 

Af?^'^ dv>'dvt' du"'" /' 



(35) 



^ ijk - y2'-"ufey a„,„ 



1 + 1 I ay*^ 
1 %,5g"^9/ 



|4 „5h 



a/f 



4/i a?/*^ 9u 



'I dy'^dy^dy^ dy'^ dx'^ ^ 
h'}- (36) 



Proof. By some lengthy calculations and using Lemmas [T] and [H we can get the 
proof. □ 



Theorem 4. Every proper DWP-Finsler manifold {f^Mi x f-^M2,F) with van- 
ishing Douglas curvature is a Riemannian manifold. 

Proof. Suppose that the Douglas curvature of (/jAfi x f-^M2,F) vanishes, i.e., 
'^abc — 0- Then by contracting p6p with y'^ we obtain 



_ . d'g^^ df? 

^'^dtdy^dy^dx^^- ^ ' 
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Since Eij is a function of (x, y), then by differentiating the above equation with 
respect to we get 

g3gsh Qj2 



= 0. (38) 



Putting the above equation into ([57)1 gives us Eij = 0. Further, (|38p imphes 
that 

d*g'^^ dfl _ d^f^ dfl _ dg^'^ dfl ^ ^ 
In the similar way, we can conclude that Eap ~ and 



^ &^dfl^dg^dfl^^ 

Setting (|38l)-(|40|) and E^J = E^p = into ^ and ^ imply that C^fe = 
Capx = 0. Therefore (Mi,Fi) and (M2,i^2) are Riemannian and consequently, 
(/jMi X f-^M2,F) is Riemannian. □ 

Using the Theorem HI we have the following. 

Corollary 4. Let (/2M1 x f^M2,F) be a DWP-Finsler manifold. 

(i) If f2 is constant on M2. Then F is Douglas metric if and only if F2 is 
Riemannian metric, Fi is Berwald metric and = 0. 

(ii) If fi is constant on Mi. Then F is Douglas metric if and only if Fi is 
Riemannian metric, F2 is Berwald metric and -^prg^ — 0. 

Finally, we consider warped product Finsler manifold with vanishing Douglas 
curvature and obtain the following. 

Corollary 5. The WP-Finsler manifold (Afi x M2,F) is Douglas manifold 
if and only if F2 is Riemannian metric, Fi is Berwald metric and -^p- = 0. 

Proof. By the Lemma 21 we can get the proof. □ 



6 Relatively Isotropic Landsberg DWP-Finsler 
Manifolds 

In this section, we prove that on a proper DWP-Finsler manifold the notions 
being Landsberg manifold and being Berwald manifold are equivalent. Then we 
study DWP-Finsler metrics with relatively isotropic Landsberg curvature. 
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Lemma 5. Let (/^Mi x M2, F) be a DWP-Finsler manifold. Then the Lands- 
berg curvature of F are given as follows 

1 92^"^ 9/2 1 dg°'^ dfi 
1 dg^^dfl 1 a^g^T a/I 

Proof. By the definition of Landsberg curvature and (|4|- (fTT|) . we can get the 
proof. □ 

Proposition 1. Every proper DWP-Finsler manifold (/aAfi x f-^M2,F) with 
vanishing Landsberg curvature is Riemannian. 

Proof. Let the Landsberg curvature tensor of {f^Mi x f^M2,F) be zero. Then 
by using (|4ip we obtain 

Differentiating (|45l) with respect to v'^ implies that 

1 d^g'^ Of? 1 9/1 

By differentiating with respect w'*', we have 
and consequently 

^'g'^ gj2 ^ ^ 

dy'^dy^dy^ dx'^ 

Thus ps)) reduces to following 

flL.jk + ^C,,,v"^^0. (47) 
Differentiating (|T7| with respect to gives us 



dfl 



Ci ■) k ~:: — X — 



and consequently Cijk ~ 0. Thus (Mi,i^i) is a Riemannian manifold. By the 
similar way, we can conclude that (M2,i^2) is Riemannian. □ 
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Using Proposition [T] and Lemma [U we get the following. 



Theorem 5. A proper DWP-Finsler manifold is Landshergin if and only if it 
is Berwaldian. 

Now, let /i be non-constant on Mi and /2 be constant on M2. Then by the 
similar way used in to the proof of Proposition [1] we conclude that {M2,F2) is 
a Riemannain manifold. Also, from (j47p we conclude Lijk = 0, because /2 is 
constant. Thus we have the following. 

Theorem 6. Let x f^M2,F) be a proper DWP-Finsler manifold. Then 

(i) If f 2 is constant and fi is not constant, then {fr^Mi x /1M2, F) is a Landsberg 
manifold if and only if {Mi,Fi) is a Landsberg manifold, (M2,i^2) is Rieman- 
nian and the following holds 

d'g"' dfi _ Q 

(a) If fi is constant and f2 is not constant, then (j^MiX f-^M2,F) is a Landsberg 
manifold if and only if {M2,F2) is a Landsberg manifold, (Mi,Fi) is Rieman- 
nian and the following is hold 



By Theorem ini we have the following. 

Corollary 6. The WP-Finsler manifold {Mi x f-^M2,F) is Landsberg manifold 
if and only if {Mi,Fi) is Landsberg, (M2,F2) is Riemannian and 

^'.^=0, (50) 

Proof. It suffices to show that P5|) implies (1501) . Multiplying pS)) with implies 
that 

Using yiC'^'^j = and = gik, one can obtain (f50|) . □ 



Now, we are going to consider DWP-Finsler manifold with relatively isotropic 
Landsberg metric. 

Theorem 7. Let (/jMi x f^M2,F) be a DWP-Finsler manifold. Suppose that 
F is a relatively isotropic Landsberg metric. Then F is a Landsberg metric. 
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Proof. Let (/a Mi x /1M2, F) be a relatively isotropic Landsberg manifold. Then 
by (|4T|). we have 

By differentiating ([5^ with respect w''' and w**, one can obtain the following 

i^'a^a^^^^.A-c^^ Vc.,.- (53) 

Contracting ([SS)) with g''^ implies that 

Differentiating (|54p with respect to w'^ gives us 

(n-l)c(f^-i),3a,fe =0, 

and then c — Q. Thus F reduces to a Landsberg metric. □ 

By Proposition [1] and Theorem [71 we conclude the following 

Corollary 7. Every proper DWP-Finsler manifold with relatively isotropic Lands- 
berg curvature is Riemannian. 

7 Relatively Isotropic Mean Landsberg DWP- 
Finsler Manifolds 

In this section, we consider DWP-Finsler metrics with relatively isotropic mean 
Landsberg curvature. First, by the definition of mean Landsberg curvature and 
Lemma [HI we can get the following. 

Lemma 6. Let [f^Mi x M2,F) be a DWP-Finsler manifold. Then the mean 
Landsberg curvature of F are given as follows 

^ yj9^^f_dfl 2 , , ^^^VlM fssi 

8 dy'dyWy'' dxf" ^ 2fi du'' 4 dv^dv^ du''^'' ^ ' 

T ^ ik T ^ 0X T 

J2 Jl 

d^g^- dfi 2 , Ic.y'' dfl yig^^ d^g'^ Off 
" 8 dV^dv^dv^ du-^ 2fl dxh 4 dy^dy'^dx'^'''"'^ ' 
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Theorem 8. Let {j^Mi x f^M2,F) be a DWP-Finsler manifold. Then 
(i) If fi is constant and /2 is not constant, then {f^Mi x f-^M2,F) is a weakly 
Landsberg manifold if and only if {Mi, Fi) is Riemannian, {M2,F2) is weakly 
Landsbergian and the following holds 



(ii) If f2 is constant and fi is not constant, then {f^Mi x f-^M2,F) is a weakly 
Landsberg manifold if and only if {Mi,Fi) is weakly Landsbergian, (M2,-F2) is 
Riemannian and the following holds 

Proof. Let (/aAfi x f^M2,F) be a weakly Landsberg manifold and /i be constant 
on Ml. Then by and ([Ml), we have 



2 



1 5V Hxdf2 ■, , , 



By differentiating ([55)) with respect to y*, we get 



^9-^" ^axdf? 
Contracting (l59l) with gives us 



V,^ a /^^ = 0- (59) 



(60) 



Setting ([SO]) into ([57)1 implies that 



1 ^f2 

^. + ^W^ = 0. (61) 

By differentiating (|6T|) with respect u'^, we conclude that /; = 0, i.e., (Mi, Fi) is 
a Riemannian manifold. By setting (|59)) into (|56|) . we get Jq = 0, i.e., (M2,F2) 
is weakly Landsberg manifold. The converse of the assertion is obvious. □ 

By Theorem IHl we can conclude the following. 

Corollary 8. The proper WP-Finsler manifold {Mi x /1M2, F) is weakly Lands- 
berg manifold if and only if {Mi,Fi) is weakly Landsberg, (Af2,i^2) is Rieman- 
nian and the following holds 

dy^dy^dy'^ dx'^ 
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Now, we are going to consider DWP-Finsler manifold with relatively isotropic 
mean Landsberg curvature. 

Theorem 9. Let (/a Mi x f^M2,F) he a DWP-Finsler manifold. If fi is con- 
stant on Ml ( resp, f2 is constant on M2 ), then the D WP-Finsler manifold with 
relatively isotropic mean Landsberg curvature is a weakly Landsberg manifold. 

Proof. Let (/a Mi x f-^M2,F) be a relatively isotropic mean Landsberg manifold 
and /i be a constant on Mi. Then by ((55)) we have 



1 ayr^ ay| „ 



Differentiating (|62p with respect to y'' implies that 

1„. 9^9-"- ^Bxdfi^. JiVk 



Contracting (|63| with y^ gives us 



1, 9V ,xdp2^2 jm 



a"^ dv^'dvPdv^-^ du"""^ F 
By setting dM]) in it follows that 

2Ja + c(^^-2F)/„ = 0. (65) 

By differentiating (|65|) with respect to y , we obtain c ^p/ ykia = 0. Therefore, 
c = and F reduces to a weakly Landsberg metric. □ 

Corollary 9. Every WP-manifold (Mi x f^^Ah, F) with relatively isotropic mean 
Landsberg curvature is a weakly Landsberg manifold. 



^^Ft = c^I^. (64) 



8 Locally Dually Flat DWP-Finsler Manifolds 

Dually flat Finsler metrics form a special and valuable class of Finsler metrics 
in Finsler information geometry, which play a very important role in studying 
flat Finsler information structure. In this section, we study locally dually flat 
DWP-Finsler metrics. It is remarkable that, a Finsler metric F = F{x,y) on a 
manifold M is said to be locally dually flat if at any point there is a standard 
coordinate system (x*,y*) in TM such that it satisfies 

'''' --S. m 



In this case, the coordinate (x*) is called an adapted local coordinate system. 
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Theorem 10. Let (/^Mi x M2,F) be a DWP-Finsler manifold. Then F is 
locally dually flat if and only if Fi and F2 are locally dually flat and fi and /2 
are constant. 

Proof. Let (/^Mi x /2M2, F) be a locally dually flat doubly DWP-Finsler man- 
ifold. Then we have 



/l^/ + M^," . 2/^^ + 2^JIf^ (67) 
dx'^dy^ (9u" dy^ ^ dx'- dx'- ^ ' 



fe^ dvp ^ + ^1 ~ dup ^ dur^ ■ ^^^^ 

Taking derivative with respect to v'' and then to y'^ from (|67|) and using non- 
singularity of (7ij yield 

which means that /2 is constant. Similarly, we get /i is constant. In this case, 
(|67)) and (|68t reduce to the following 



dx^dy^ dx^ 



Hence Fi and F2 are locally dually flat. □ 

By Theorem [TOl we conclude the following. 
Corollary 10. There is no a locally dually flat proper DWP-Finsler manifold. 
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